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This paper is devoted to a theoretical analysis of counter-current gas-liquid wavy film flow between ver-
tical plates. We consider two-dimensional nonlinear waves on the interface over a wide variation of
parameters. We use the Navier-Stokes equations in their full statement to describe the liquid phase
hydrodynamics. For the gas phase equations, we use the Benjamin-Miles approach where the liquid

phase is a small disturbance for the turbulent gas flow. We find a region of the superficial velocity where
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we have two solutions at one set of the problem parameters and where the flooding takes place. We cal-
culate the flooding dependences on the gas/liquid physical properties, on the liquid Reynolds number and
on the distance between the plates. These computations allow us to present the correlation for the onset
of flooding that based on the fundamental equations and principles.

© 2010 Elsevier Ltd. All rights reserved.

1. Introduction

Theoretical studies of film flows began with the classical work
of Nusselt (1916), where he obtained exact solution of the Na-
vier-Stokes equations for a thin viscous layer falling down a
smooth vertical wall. The pioneering works of Kapitza (1948) and
Kapitza and Kapitza (1949) followed this where they considered
both experimentally and theoretically the different wavy flow re-
gimes both in the presence and absence of interfacial shear. There
are many theoretical and experimental papers devoted to the non-
linear waves on the surface of a free-falling liquid film (see, for
example, Jones and Whitaker, 1966; Chu and Dukler, 1974; Ale-
kseenko et al., 1985; Joo et al., 1991; Liu et al., 1993; Lee and
Mei, 1996) where a complicated structure of the wavy film flow
was revealed. We mention here some of the features: (a) the exis-
tence of both spatial and temporal evolution of the film flow; (b)
the transition of two-dimensional waves into three-dimensional
structures; and (c) the existence of qualitatively different film flow
regimes. Interfacial shear for a counter-current liquid-gas flow
gives an additional interesting and technically important phenom-
enon - flooding. Semenov (1944) was the first who observed this
phenomenon experimentally. Thin layer of water falls down as a
film inside the glass vertical tube of D =8, 13.8 and 22 mm in the
experiments. The counter-current air velocity increases from
0 m/s and up to 35 m/s. He concluded that below the air velocity
of 3-3.5 m/s (for tube of D = 13.8 mm), the gas flow had no effect
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on the liquid film wavy structure. Above the air velocity 4 m/s,
the waves amplitude increased and at 7.3 m/s (for D = 13.8 mm),
he observed flooding. A great number of works have been devoted
to the prediction of the flooding for different liquids and gases and
for different channels. There are many correlations in the literature
to explain the flooding where the liquid changes direction (see, for
example, the reviews by Dukler and Smith (1977), Tien and Liu
(1979), Drosos et al. (2006)). The general problem is that “the cor-
relations are unable to predict flooding under conditions signifi-
cantly different from the ones used to construct the correlations
in the first place” (Maron and Dukler, 1984; Zapke and Kroger,
2000b). Most of the papers devoted to flooding are experimental
measurements and observations. We mention here some of the
experiments in vertical rectangular channels. Lee and Bankoff
(1984) conducted flooding experiments in a rectangular channel
using steam-water counter-current flow. They indicated the signif-
icant effect of the channel gap on flooding. Biage and Delhaye
(1989) studied the case of air-water flow in a wide vertical channel
with a relatively large gap. They showed that the onset of flooding
is associated with droplet entrainment. Zapke and Kroger
(20004a,b) studied the dependence of flooding on duct geometry
and on gas/liquid physical properties. They used water, methanol,
propanol, air, argon, helium and hydrogen as working fluids and
demonstrated that the flooding gas velocity was strongly depen-
dent on duct height and fluid densities. They discussed a validity
of different flooding correlations and suggested new equation to
correlate their data based on the Froude and Ohnesorge numbers.
Vlachos et al. (2001) reported flooding data obtained in a vertical
rectangular channel with 5 and 10 mm gap. Sudo (1996) carried
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out experiments in channels with gap and width 2.3-12.3 mm and
33-66 mm, respectively, and reported that the role of channel gap
is very important. Drosos et al. (2006) reported data obtained in a
vertical channel with 10 mm gap using air and three liquids (water,
1.5% and 2.5% aqueous butanol solutions). They presented results
of visual observations, instantaneous local film thickness data,
and shear stress data obtained by use of an electrochemical tech-
nique. The onset of flooding in their experiments was defined as
“the condition where at least part of the liquid flow is reversed
in direction and carried above the liquid entrance section, even
in the form of droplets” (Hewitt, 1995). For the air/water system
they measured the onset of flooding around 8-12 m/s, depending
on the value of Re, and demonstrated that the superficial gas veloc-
ity at the onset of flooding decreases with the liquid Reynolds
number increasing.

There are only a few theoretical works where the counter-cur-
rent gas-liquid flow with a wavy interface is considered. Demekhin
et al. (1989), using integral equations for the liquid phase, consid-
ered the gas turbulent flow as “pseudo-laminar” (Benjamin, 1959;
Miles, 1957) to obtain the gas reaction to the liquid hydrodynam-
ics. They computed the t-evolution of the initial x-periodical dis-
turbances of the film thickness at different values of the
nondimensional shear. At some value of the shear stress, they ob-
served a dramatic increasing of the disturbances amplitude during
the time evolution. The averaged film thickness is held constant in
their calculations and the averaged liquid flow rate varies during
the time-evolution.

The goal of the present work is to study different steady-state
traveling regimes of counter-current gas-liquid film flow. To de-
fine the flooding onset quantitatively, we need to analyze the wave
structure changes when the problem parameters will be close to
the critical parameters measured experimentally. A theoretical
model for the onset of flooding provides the capability to analyze
the flooding dependence on channel geometry and on liquid/gas
physical properties. The averaged liquid flow rate is held constant
in present calculations of nonlinear waves, which is important fea-
ture of the obtained results. The onset of flooding is a limiting fac-
tor in the operation of various types of devices used by the
chemical industry (for example, two-phase plate heat exchangers
and compact reflux condensers). The flooding prediction will be
interesting for many applications.

2. Governing equations

Using a rectangular coordinate system, the Navier-Stokes
equations with the corresponding boundary conditions describe
the counter-current gas-liquid wavy film flow between vertical
plates (see Fig. 1). We consider the liquid wavy film flow as a
small disturbance for the turbulent gas flow between the plates.
In this case, the gas velocities and pressure have form
us = uf + 0, v¢ = 2%, P = P¥ + P¢, where the u$(y), P(x) corre-
spond to a basic solution of the turbulent gas flow through a
smooth channel and the values (x, t,y), #(x,t,y), PE(x,t,y) cor-
respond to the gas flow perturbations due to the thin liquid film
falling down the channel wall. The liquid phase governing equa-
tions, the boundary conditions on the wall and along the inter-
face, the linearization of the gas phase equations near the basic
solution and the symmetry conditions along the channel middle

are as follows:
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Fig. 1. Scheme of counter-current gas/liquid flow.
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Here u is the liquid velocity component in the gravity direction, v is
the liquid velocity in the y-direction, P is the pressure in the liquid,
o is the stress tensor components in liquid, and H(x, t) is the
instantaneous local film thickness. The stress tensor components
in gas are 6%, ny and t; are the components of normal and tangential
unit vectors to the interface, respectively. The interface curvature
radius is R and we assume summing over repeated indexes in the
boundary conditions.

Egs. (1)-(12) are in a nondimensional form and we used scales
as follows (asterisk denotes the dimensional variables):

X _ Upt" ¥y _u v 7P_
XfLs t* kl nyo-, ufuo yi&‘uo’ 7‘0”%*,
* g* g* *
H:H7; ug:(ug); vg:(yg; pE — (Pg)2
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Here v, p is the liquid kinematic and dynamic viscosity, respec-
tively, p is the liquid density, ¢ is the surface tension. The wave per-
iod is L, Fi is the film number, Hy and uq is the Nusselt’s film
thickness and velocity, respectively. The liquid Reynolds number
is Re = UisD./4v, where U;s= Q;/S is the liquid superficial velocity,
D.=4S|p is the equivalent hydraulic diameter (D, =2D), p is the
channel wetted perimeter, Q; is the volumetric liquid flow rate sup-
plied per the channel cross-section S, D is the distance between the
vertical plates. The gas kinematic and dynamic viscosities are vg, i,
respectively, p, is the gas density, Re® is the gas Reynolds number
and uf is a half of the gas superficial velocity Ugs (u§ = 0.5Ucqs =
0.5Q¢/S, Qg is the volumetric gas flow rate supplied per the channel
cross-section).

Egs. (1) and (2) and (9) and (10) represent the momentum con-
servation for the liquid and gas phase, respectively. We use the
mean-velocity profiles uf(y) and @¢(x,t,y) for both the basic and
disturbed turbulent gas flow. The gas phase pulsations generated
by the wavy film surface are small and we omit them in Egs. (9)
and (10). Miles (1957) and Benjamin (1959) were the first who
considered the turbulent gas flow over a wavy boundary and
who formulated the “quasi-laminar” approach. Egs. (3) and (11)
is the mass conservation law for the liquid and gas, correspond-
ingly. Egs. (4) and (8) are the no-slip conditions on the plate and
on the interface, respectively. Eq. (5) is a kinematic condition along
the interface. Eqs. (6) and (7) formulate the tangential and normal
stress equilibrium along the interface, correspondingly. We sug-
gest that the wavy film surface is a small disturbance for the gas
turbulent flow and use an expansion of the gas phase boundary
conditions in Egs. (6)-(8). There is a symmetry of the two-phase
flow with respect to the channel middle and Eq. (12) is the symme-
try condition.

Further, we consider the steady-state traveling solutions
of Egs. (1)-(12) = [H(x1),u(*1,y), v(¥1,¥), P(x1,Y), U8 (X1, ), 2% (x1,¥),
P&(x1,¥)|, X1 = x — ct, c¢ is the wave phase velocity. We suggest that
the gas Superficial velocity is much high than the liquid film veloc-
ity, n > 1. In this case, we neglect terms } 4F = — ¢ % and | % =

—gg%f in Egs. (9) and (10) and assume that the right-hand side
%u|y:H and 1 vl,_y of the no-slip conditions (8) is a negligible value.
We solve Eqgs. (8)-(12) independently from the governing equa-
tions of the liquid film flow (see Appendix A for details). This is a
linear system where the Fourier harmonic H* of the film thickness

H(x,) generates the corresponding gas reaction (F*(y), Pg(y)).

Taking into account Eq. (11), the perturbation fields i, ¢ P¢
are as follows:

A N2 gk o .

e,y =— Y -Hexp(2mikn), (F) = F, (13)
k=—N/2+1
N/2-1

P8(x1,y) = 2mikF* (y)Hr exp(2ikx; ); (14)
k=—Nj2+1

R N/2-1 «

PE(xy,y) = P¥(y)H exp(2rikxy), (P_;k) =Pk (15)
k=—N/2+1

Thus, we reduce the two-phase problem to the solving of the liquid
film flow Egs. (1)-(5) with the modified boundary conditions (6)
and (7) (see Appendix A) where we take into account the turbulent
gas reaction to the wavy interface. The free surface shape is un-
known beforehand and the coordinates transformation x; = x — ct,
n =y/H allows us to define the flow area: x; € [0, 1], 7 € [0, 1]. We
use spectral method to obtain the steady-state solutions of Egs.
(1)-(7) and Appendix A gives the numerical algorithm details.
There are eight parameters in Eqs. (1)-(12) - ¢, &2, &, £, 11, Fi, Re,
Res. It is easy to see that n = 2% R& and only seven parameters are

& Re
independent. We will use Zueu/L, Ka, Re, \/0/pg(1 —&,)/D, &y, €p,
Re® as the independent parameters for the calculations below,
where Ay is the wavelength of the neutral disturbance of the
wavyless solution and Ka = Fi'/'!, Ka is the Kapitsa number. It is

evident that Znewr = Hof(Ka, Re, \/a/pg(1—¢,)/D, &, €,, Re®)

and the equations parameters may be defined using our
independent parameters — & = (Ho/neut) (et /L), €2 = (3Re/Ka)'/?

(\/o/pg(T—&,)/D)/Ka*>,

Our choice of the independent parameters set has several
advantages. Values of the parameters Ka, \/6/pg(1—¢,)/D, &. ¢p
depend only on the liquid/gas physical properties and on the gas
channel geometry. Only values of the parameters Re and Re® vary
with the liquid/gas flow rate changing. Choice of the value /ey /L
as the independent parameter allows us to compare the results
of the Navier-Stokes calculations with the predictions of different
integral and asymptotic approaches where the value of the neutral
wavelength is different.

Let us draw attention that the averaged liquid flow rate is held
constant in our calculations. Taking into account the kinematic
condition (5) and the no-slip conditions (4) the integration of the
continuity Egs. (3) gives

q(x1) —cH(x) =const =<q>-c<H>=1-c<H>,

1
q(x1) EH(X])/O udn.
Here <---> is the value averaged over a wavelength. We use this
equation in our computations of the steady-state solutions (see
Appendix A). The constant-flux formulation corresponds to the
experimental situation. This formulation is much closer to the real-
ity where the mass conservation takes place during a spatial-tem-
poral evolution.

3. Results of the calculations

Fig. 2 demonstrates the main characteristics of the nonlinear
steady-state solutions that branched from the basic solution at
three values of the superficial gas velocity. We present also the
wavy profiles of the solution film thickness and the contour lines
of the streamline function W(x,#) = [/'(c — u)Hdy' in a moving
coordinate system. The liquid particle trajectory coincides with
the contour lines in a coordinate system moving with the solution
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b I—75

Fig. 2. Maximal value of wavy film thickness (lines 1-3), and phase velocity (lines 1c-3c) of nonlinear wavy regimes branched from the trivial solution as a function of
wavelength. Contour lines of the streamline function (figures b-d) in a reference frame that moves with the wave phase velocity. Here Re = 5, air/water system; Lines 1, 1c
correspond to Ugs =3 m/s; 2, 2¢ - Ugs=6 m/s; 3, 3¢ - Ugs = 10.6 m/s. Figure (b) corresponds to Zpey /L = 0.12 and Ugs =3 m/s; (C) Zneur/L = 0.12 and Ugs =6 m/s; and (d)

Jneut/L = 0.75 and Ugs = 10.6 m/s.

phase velocity. The computations correspond to air/water system
Ka=9.2615, ¢,=0.0182, ¢,=0.0012, \/o/pg/D =0.2765 at Re =
5. At small value of Ugs =3 m/s, the nonlinear solutions are close
to the waves on the surface of a liquid film freely falling down un-
der an action of gravity (see paper by Trifonov (2008)). In this case,
the “long wave” looks like a succession of “solitary dips” (see
Fig. 2b). At moderate value of Ugs = 6 m/s, we found that the “long
wave” of the family branched from the trivial solution looks like a
succession of “solitary humps” (see Fig. 2¢) and the interfacial
shear changes qualitatively the solution type. At large value of
Ugs = 10.6 m/s, the family branched from the basic solution has
no continuation into the region of “long” waves. The waves dem-
onstrate a rapid increasing of the maximal film thickness starting
from a finite value of the wavelength (see line 3 in Fig. 2) and
the contour lines of the streamline function demonstrate an inter-
nal vortex (see Fig. 2d).

Thus, there are the values of the superficial gas velocity where
we have no steady-state traveling solutions with small values of
Jneut /L. Minimal value of these velocities will correspond to the on-
set of flooding. We start with the “long wave” (Aneu/L = 0.15) at
moderate value of the superficial gas velocity and, using a contin-

+—Air/Water

Ugg, m/s

uation method, we increase (or decrease) values of Ugs to obtain
dependences in Fig. 3. We carry out these computations for two
values of the liquid Reynolds number (Fig. 3a and b) and for three
different systems - air/water, helium/water (¢,=0.02, ¢,=
0.0001653) and hydrogen/water (g, = 0.00886, ¢, = 0.0000833). In
Figs. 4-6, we present the wavy profiles of the solution film thick-
ness and the contour lines of the u(x, #) component velocity (in a
laboratory coordinate system). With the superficial gas velocity
increasing, the wave amplitude increases as it shown in Figs. 3-
6. At the same time, the wave velocity decreases with increasing
in Ugs. The u-velocity distribution in Figs. 4-6 demonstrates a re-
gion of flow reversal near the film thickness minimum at small
and moderate values of Ugs. At large value of Ugs, the negative u-
velocities exist near the film thickness maximum and we can see
the “large” waves moving over a thin sublayer. Amplitude of the
“large” waves is several times bigger than the wave amplitude at
small value of superficial gas velocity (see Figs. 4-6). We found that
the negative u-velocity around the film thickness maximum ap-
pears at small neighbourhood of the “returning point” (UJ;S) of
the dependences in Fig. 3 where the derivatives dH,ax/dUgs and
dc/dUgs change sign. We did not obtain solutions at Ugs > UfGS

b
8 —Hmax cr 24
6 2
+—Air/Water r
— 1.6
4_
] o
—> - 1.2
2 L
T T T T T T T T 0.8
0 10 20 30 40
Ugg, m/s

GS»

Fig. 3. Maximal value of wavy film thickness and phase velocity of nonlinear wavy regimes as a function of gas superficial velocity at /., /L = 0.15 for different gases (figure

(a) corresponds to Re = 10 and (b) Re = 40).
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Fig. 4. Contour lines of the liquid u-velocity in the case of air-water at different values of superficial gas velocity. Here Ae,/L = 0.15 and figures (a) correspond to Re = 10 and

(b) 40.
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Fig. 5. Contour lines of the liquid u-velocity in the case of helium-water at different values of superficial gas velocity. Here ¢,/L = 0.15 and figures (a) correspond to Re = 10

and (b) 40.

and this is why we call the point (U{;S) as the “returning point”.
There are two solutions in a small neighbourhood of the “returning
point” at one value of the superficial velocity. We obtain the
“returning points” for all values of the liquid Reynolds number
considered in the paper and for all values of the distance between
the plates and the gas/liquid physical parameters. Further, we con-
sider the “returning point” as a definition of the onset of flooding.

In accordance with the nondimensional parameters of our
equations, the flooding curve is a function of five variables and
has the form as follows:

Re¥ = Re¥ (Re,Ka,\/a/pg(1 — ¢,)/D, 64, ¢,).

We compute the flooding curves over a wide range of the indepen-
dent parameters using a continuation method. We present these
results in Figs. 7 and 8a by solid lines. To obtain these curves we
start with the flooding point for the air/water system and varying

one of the nondimensional parameters we compute the returning
point U{;S. Value of the gas superficial velocity is an additional un-
known and we solve an equation dc/dUgs = 0 simultaneously with
Egs. (A1)-(A12) to find the flooding curves. The systematic compu-
tation of the flooding curves allows us to suggest correlation:

g _ UgsDe _ 2.356037Ka™ 6)

Avg &R (/o pg(T —2,)/D)" "

We use a special numerical algorithm to obtain the values of the
coefficient and five powers in this equation. To find six unknowns
we minimize the deviation between the curves in Figs. 7 and 8a
and the predictions of equation where the coefficient and five pow-
ers are variables. We use all array of individual points (Refglc)i of the
onset of flooding calculated using fundamental Eqs. (A1)-(A12).
Total amount of the points to plot curves in Figs. 7 and 8a is around
seven hundreds (i=1, 2, ..., 700). Thus, we look for the minimum

Re
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Fig. 6. Contour lines of the liquid u-velocity in the case of hydrogen-water at different values of superficial gas velocity. Here A /L = 0.15 and figures (a) correspond to

Re =10 and (b) 40.
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Fig. 7. Gas superficial velocities of the onset of flooding versus the dimensionless parameter at different values of the liquid Reynolds number. Here (a) corresponds to
£,=0.0012, Ka = 9.2615, ¢, = 0.0182; (b) ¢, = 0.0012, (¢/pg)'/*|D = 0.2765, ¢, = 0.0182; (c) Ka = 9.2615, (a/pg)'*|D = 0.2765, ¢, = 0.0182; and (d) ¢, = 0.0012, Ka = 9.2615, (a/
pg)'?|D =0.2765.
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Fig. 8. Gas superficial velocities of the onset of flooding versus the dimensionless parameter. Lines 1 in figure (a) corresponds to (¢/pg)'/?/D = 0.2765, £,=0.0182, ¢, =0.0012
and Ka = 9.2615; lines 2 (¢/pg)"?/D = 0.204, £,=0.0167, ¢, =0.00123 and Ka = 7.5534. Dashed lines in figure (a) corresponds to Eq. (16). Figure (b) corresponds to Eq. (16) at

the same values of parameters as in Fig. 7c.

of function of six variables that can be expressed as a sum of
squared functions:

700 2

W(b.by,....bs) =y (Re¥, e, )

i=1

Re¥,, = bebKa™ &b Re™ (\/a/pg(1 - &,)/D)".

prei

We calculate (Reﬁfed),. at the same values of [¢,, Ka, &, Re,

(v/o/pg(1—¢,)/D)] as the corresponding values of the parameters
of point i in Figs. 7 and 8a.

Comparisons between the Figs. 8b and 7c and between the
dashed and solid lines in Fig. 8a demonstrate validity of the ob-
tained six coefficients. Let us emphasize that we do not use any
experimental data to define coefficients in Eq. (16). We extract
them from the computations based on the fundamental equations
and principles.

There are many correlations in literature where the authors
present the empirical flooding dependences in terms of dimension-
less velocities Ug = ULy\/g,//gD(1 — ¢,), U; = Uls/\/gD(1 — ¢,).
Drosos et al. (2006) describe their water data on the onset of flood-
ing using the Wallis-type expression:

\JUz +0.708,/U; = 1.136.

Zapke and Kroger (2000b) based on the results of experiments with
different fluids propose another type of the correlation for a vertical
rectangular duct:

1 1\%2
U*:0.0742—<—*) )
¢ onh* \U;

The Ohnesorge number, used in their paper, is Oh = \/u2/(pDo) =
Ka'"*We'* and the Weber number is We=g/(pg(1 — ¢,)D?).
Range of the liquid flow rates in both experiments of Drosos et al.
(2006) and Zapke and Kréger (2000a,b) was 107 < U; < 0.062.

There are many correlations in literature where the Kutateladze
number Ku¢ = Ufcs\/p_g/(ga(p - pg))”4 is used to describe the on-
set of flooding (see the review by McQuillan and Whalley
(1985)). Pushkina and Sorokin (1969) carried out experiments with
water, glycerine and ethyl alcohol using tubes of different diame-
ters. Range of the liquid flow rates in their experiments was
107° < U; < 0.1. To describe flooding data they suggested corre-
lation as follows:

Kug = U;We™/* =3.2.

Wallis and Kuo (1976) obtained the correlation Kug = 1.87 for the
onset of flooding using the Bernouilli equations. In accordance with
McQuillan and Whalley (1985) conclusions, the most successful
empirical correlation was that of Alekseev et al. (1972), which
works well over a range of tube diameters, liquid flow rates
(U; < 1) and liquid surface tensions:

0.3 < 1 )O'ZZWefo.ogs

Kug=UWe V" =_—"" __(_
G G 1- 8,;)0'“ U;

In accordance with McQuillan and Whalley (1985), the most suc-
cessful theoretical correlation is a modified form of the correlation
presented by Bharathan et al. (1978):

2f,(U))?* | 2fi(Ug)?
(1- oc)2 + 25
fi=fu+146(1—a)'®.

-1-a, f,=0.005,

Here « is a void fraction that can be expressed as o« =1 —4.58"
(UZ)”3We1/4I<a’”“2.
In terms of U, Uj, Eq. (16) is

B 4.7938%27 < 1

0.03
I(uc — UEWef‘l/‘l Uz) We*0.0SZS. (17)

- £0135 KaO.463
4

Fig. 9 shows comparison between the correlations for the air/water
system at D = 10 mm. The detailed comparison of Egs. (16) and (17)
predictions with the experimental data for different liquids and
diameters is a goal of separate investigation. Here we only note that

1.5
__________________ 6.l
. 128 5
- —2 A
2 0.9 5 T
2 —
0.6 T4
0.3
0 0.075 0.15 0.225 0.3
(U0

Fig. 9. Comparison of the proposed equation for the onset of flooding with both
empirical and theoretical flooding correlations for the air/water system. Line 1
corresponds to Eq. (16) or (17); 2 - Drosos et al. (2006); 3 - Zapke and Kroger
(2000b); 4 - Bharathan et al. (1978); 5 - Alekseev et al. (1972); 6 — Pushkina and
Sorokin (1969); and 7 - Wallis and Kuo (1976).
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with the distance between the plates increasing, the nondimen-
sional flooding velocity U decreases in accordance with Eq. (17)
and that agrees with the experimental results of Sudo et al.
(1991) and Vlachos et al. (2001).

There is a limitation of the simplified Benjamin-Miles approach
used in the paper regarding the small liquid-to-gas velocity ratio,
n > 1. This limitation can be written as follows:

&6, Re¥ . Re¥ /5, Us . <3Re>”3\/We
= s ' Tpa 62 =

¢, Re Re ¢, U]’ Ka ) ka3?’
1/3 2/3
ne (37 (LYY We, (18)
2 Kall/lz UL \/g

In the case of air/water system and for D = 10 mm, Egs. (17) and
(18) gives n=1.95 at U =1, n=3.16 at U, =05, n=9.7 at
U =0.1 and n=48.2 at U; =0.01. We may conclude that the
assumption n > 1 is valid up to the values of U] ~ 0.1 for the air/
water system and D = 10 mm. The assumption is valid at higher val-
ues of U] with the distance between the plates decreasing.

4. Conclusions

We considered the counter-current wavy gas/liquid film flow
between vertical plates. We used the Navier-Stokes equations in
their full statement to describe the liquid phase hydrodynamics.
For the gas phase equations, we used the simplified Benjamin-
Miles approach where the liquid phase is a small disturbance for
the turbulent gas flow. Our goal was to predict theoretically flood-
ing onset using the fundamental equations and principles. We var-
ied the liquid Reynolds number, wavelength and the gas superficial
velocity to see what happening with the steady-state traveling
solutions when the parameters were close to the experimental
flooding condition.

We obtained that there were six independent parameters to de-
scribe the gas/liquid wavy dynamics - Ka, Re, Re%, \/a/pg(1 —¢,)/
D, &y, ¢p, Ka = ((6/p)*/g(1 — &,)v*)"/"" is the Kapitza’s number, D is
a distance between the plates, &, = tg/it and ¢, = pg/p.

We found that with the superficial gas velocity increasing and
starting from some value of the velocity, the waves demonstrate
arapid decrease of both the minimum film thickness and the phase
wave velocity. At the same time, the maximum film thickness in-
creases and finally the wave structure demonstrates the negative
u-velocities in the neighbourhood of the maximum. At smaller val-
ues of the superficial velocity, the negative u-velocities take place
in the neighbourhood of the film thickness minimum. Both the
wave celerity and the film thickness minimum are still positive
numbers at such values of the superficial gas velocity. The de-
scribed transformation of the wave structure with the superficial
gas velocity increasing takes place for different gas/liquid systems
considered in the paper (air/water, argon/water and hydrogen/
water). We found a region of the “returning point” of the superfi-
cial velocity where we have several solutions and where the flood-
ing takes place. We did not obtain the steady-state traveling
solutions when the superficial gas velocity is greater than the value
corresponding to the “returning point”. These findings allowed us
to define the onset of flooding mathematically and to obtain its
dependence on the two-phase flow parameters. We obtained
new flooding correlation that based on the fundamental equations
and principles of the gas/liquid interaction.

Appendix A

We consider the steady-state traveling solutions of Eqgs. (1)-
(12). The coordinates transformation x; =x — ct, § = y/H(x — ct) de-
fines the flow area: x; € [0, 1], 7 € [0, 1] and allows us to write the
governing equations as follows (further, we omit the subscript ‘1°):

Ay A P @+L 3 — ZFee,n?Re + U
ax " Ix o ox "Ix on ' eRe 25 Ty on?

+é oru + O +2 ru + (M + )@
axz ’/’x 87’[2 nx 6X811 ’7x5 nxnm a’,’
ouv  ou? ou?
ﬂyW—W—ﬂxa—n*Q (A1)
P & ,Pv (v P ’v L
7y ()’,I Re ”y d’,lz ()X2 + I/Ix (),12 + r’x ()X()”] (}/’xi + r’x 1x}1)%
. ov v ouv ouv av*\
— & ( CainxC%ﬁ»W‘l’an‘i»nyW) 70, (A2)
8 .’7 / /
vteon) = ~Heuxnm, - i (H [ uteryar ) (83)
-1
Heo [ wte) =1~ c(H); (Ad)
ux,n) =0, n=0; (A5)
- 2¢ ov 14 &2 (dH)?
Poem| = e (”ya oy ) (5:1)2
y=0 ]7 y y=0 1- 82 (ﬁ)
2
JGR) 1
— =1, (A6)

Re5/3 [1 re (dH) }3 2

dH
[

LTI PPN
Ty 87] ox n"c‘)n Ty M9 _e2 (dH)

i {18 d*ué @
:—%s,,ane+s,1n out +—u2b H+4¢ 2005 —
Wlo |, Dol -e2(®)
n=1. (A7)
Here (---) is the value averaged over a wavelength, 7, =1/H,

Nx = —n(dH[dX)[H, Ny = —nydH]dX, 1y = —n,(ndH|dx + nd*H[dx?), ¥
is the smooth channel friction coefficient for the gas turbulent flow
and the dimensionless value of the basic pressure is P} = 4 8X We
take into account that the basic velocity profile agrees w1th the fric-

S
tion coefficient definition - dﬁ =-05/¢Re® and ng,Re =

dy |,
e2¢,Res.
Functions H, u, v, P are periodic over the coordinate x and they
are unknowns. We use spectral method to obtain the steady-state
solutions of Egs. (A1)-(A7):

1
U( 2 +2Um
N/Z—l

Y~ Unexp(2mikx), (U
k=-N/2+1
k#0

Tw1(1),m =211,

Un(x)=U° + Uk m=1,...,M.

N/2-1
>~ H'exp(2mikx),

k=—N/2+1
k=0

H(x)=H’ + (H™")" = H".

Here T,,(1:1) are Chebyshev polynomials and the ‘star’ superscript
designates complex conjugation.

The numerical algorithm starts with the specification of the ini-
tial approximation for harmonics U¥, H* and for the value of c.
There is a symmetry in the equations with respect to the coordi-
nate shift x — x + const. The phase of one of the film thickness
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harmonics can be defined beforehand due to this symmetry (for
example Real(H')=0). The value of the phase velocity ¢ will be un-
known instead of Real(H").

At (M +1)(N — 1) known values of U’,;, ¢, H*, the velocity «(x, 1)
is unambiguously regenerated from Eq. (A3), P(x, n) — from Egs.
(A2) and (A6). Using the Newton'’s iterative method and Egs. (A1)
and (A4) transformed into (k, m)-space, we improve the initial
approximation of the unknowns (U*, H¥, CZ. We use the first or-
der differential scheme to calculate the Jacoby matrix. Taking into
account the boundary conditions (A5) and (A7), we have
(M +3)(N - 1) nonlinear algebraic equations to obtain (M+1)
(N — 1) unknown values. The basis functions in the spectral expan-
sion do not satisfy the boundary conditions and that is why the
number of unknowns is less than the number of equations. We dis-
card 2(N — 1) equations corresponding to the last two Chebyshev
coefficients in the expansion of Eq. (A1). The results will be correct
at a good enough accuracy of approximation of the functions u(x, #)
— |UN2Y /sup |UX | <1072 at any m, and |UY,|/sup |UX| < 1072 at
any k. During the calculations, the corresponding increasing N
and M (we varied value of N from 8 to 256 and value of M - from
5 to 50, depending on the parameters) maintained the indicated
conditions.

To calculate the gas reaction on the wavy liquid film we substi-
tute Egs. (13)-(15) into the governing Eqgs. (8)-(12):

d*us d’F*
2

2mikee,Re® | —2L F* + ube? (2mk)*F* — uf y
y
4 -k 2k
= fd—i + 282(27rk)2d—F2 — &*(2mk)*F*; (A8)
dy dy
k g 2k
dFf) - _duy - — din =F"‘ —0; (A9)
dy =0 dy y=0 y=0 dy y=05/¢, y=0.5/¢;
dF*  du? i d’F* dF*
Pl_yt s _Tbpk T 4 2mke)=——|; Al
g = U dy dy 277:I<882Re3{ dy’ + (2mke) dy |’ (A10)
. o2 <8470 . 03164
u, = ) = 74>
874"\ /¥ 2,0 > 8.747/° (4Re*)
n = eyRefr/ 7 /2. (A11)

To find functions F¥(y) we solve these equations numerically for
k=1,2,...,N/2 — 1. Method uses the Chebyshev-series to solve a
two-point boundary problem (A8) and (A9).

Eq. (A11) are the well-known velocity distribution for the tur-

bulent flow (uf)"/v. =8.74(y v./vg)"", v. = \/T¢/pg. N =y v./Vg

and the Blasius formula for the friction coefficient. Here # is the
friction coefficient and we take into account that the hydraulic
diameter of our duct is 2D. The dimensional pressure and the inter-
facial shear are as follows:

d(up)’

— }f ,OgUég * Z‘Eg —
o = =gy

X = X,

_ _Afpgués
2D 2 D N ’

Pg *
( b) =0 8

(A12)

Dimensionless value of the basic pressure is P} = /sz" Velocity pro-

file (A11) agrees with the condition (A12) - % o —0.5/7¢;Re®.
Egs. (13), (14), (A9) and (A10) give

0| dHdif

W lyo dx dy

k)
y=0

R N/2-1 . 3 ok g
Pg‘ ! dF + (ans)z% H*exp(2mikx).

dy |,_
y=0 y=0

y=0

SrkeeReE | 33
= Nor1 2mkee; Re dy

We use these equations in our modified boundary conditions (A6)
and (A7) to take into account the gas reaction on the liquid film
hydrodynamics.
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